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A new approach for calculations of Dzyaloshinskii-Moriya interactions in molecules and crystals is 
proposed. It is based on the exact perturbation  expansion of the to ta l energy of weak ferromagnets 
in the canting angle w ith the only assum ption of local H ubbard-type interactions. This scheme leads 
to  a simple and transparen t analytical expression for the Dzyaloshinskii-Moriya vector w ith a natural 
separation into spin and orbital contributions. The m ain problem was transferred to  calculations 
of effective tight-binding param eters in the properly chosen basis including the spin-orbit coupling. 
Test calculations for La2 CuO 4 give the value of the canting angle in agreement w ith experim ental 
data.
PACS num bers: 75.10.Dg, 75.30.Et, 74.72.Dn
T h e D zyalosh insk ii-M oriya in te rac tio n s  (DM I) [1, 2] 
w ere in tro d u c ed  in  th e  th e o ry  of w eak ferrom agnetism  
(W F ) to  exp lain  th e  can tin g  of th e  m ag n etic  m om ents 
of som e an tife rro m ag n e ts  (such as a -F e 2O 3, M nC O 3, 
C oC O 3 an d  o th e rs  [3]). I t  w as show n la te r  th a t  th e  
DM I are of cruc ia l im p o rta n ce  for m a n y  o th e rs  classes 
o f m ag n etic  system s, such as sp in  glasses [4], m olecular 
m ag n e ts  [5- 7 ], m ultiferro ics system s [8], m ag n etic  su r­
faces an d  c lu ste rs on  th e  surfaces [9-1 2 ] , an d  Jah n -T e lle r 
system s [13]. In  a sense, D M I is th e  sim plest exam ple 
o f re la tiv is tic  m agnetic  in te rac tio n s, since it  ap p e a rs  al­
rea d y  in  th e  first o rd er in  th e  sp in -o rb it coupling, w hereas 
th e  m ag n etic  an iso tro p y  is a t  least o f th e  second  o rd er [2 ]. 
O n th e  o th e r  h an d , th e  DM I van ish  for system s w ith  in ­
version  sym m etry , w hich exp lains th e ir  specia l relevance 
for low sym m etric  cases such as m olecules, c luste rs, su r­
faces, an d  d iso rder system s.
T h e  m icroscopic o rig in  of th e  D M I w as clarified  by  
M oriya for m odel system s [2]. F or th a t  he used  th e  
idea  of A n d erso n [14] a b o u t th e  superexchange in te rac ­
tio n  m echanism . How ever, th e  orig inal fo rm u lation  of 
th e  D zyalosh insk ii-M oriya in te ra c tio n  is n o t su itab le  for 
q u a n tita tiv e  ca lcu la tions of th e  D M I-p a ram ete rs  for spe­
cific com pounds based  on  rea l elec tron ic s tru c tu re s . N u­
m erous a t te m p ts  o f m ore convenien t an d  general form u­
la tio n s have been  m ade  afte rw ard s [15-2 1 ].
Y ild irim  et. al. [15] have developed  a p e r tu rb a tiv e  
ap p ro ach  in  th e  sp in -o rb it coupling for M o tt in su la to rs  
w ith in  th e  H ubbard -like  m odel. A sim ilar ap p ro ach  has 
b een  developed  in  Ref. 21 w ith in  th e  L D A + U  m ethod . 
In  Refs. 16-1 8  th e  m ag n etic  force th e o re m  [22] has  been  
applied , b u t on ly  for sp in  ro ta tio n s . T h e  a u th o rs  of 
R ef.23 p resen ted  a co m p u ta tio n a lly  efficient m e th o d  to  
d e term in e  th e  s tre n g th  of th e  D M I from  th e  sp in -o rb it 
induced  co rrec tions to  th e  energy  of long -ranged  sp in  spi­
rals. A general f irs t-p rinc ip le  ap p ro ach  for th e  D M I was
suggested  in  Ref. 19 in  a sim ilar b u t fully  re la tiv is tic  
form alism , th a t  tak es  in to  accoun t b o th  sp in  an d  o rb ita l 
co n trib u tio n s. T h is is p ro b ab ly  th e  b es t possib le w ay 
if one s ta r ts  to  ca lcu la te  th e  D M I from  th e  tru e  non- 
co llinear g ro u n d -s ta te  m ag n etic  s tru c tu re .
T h e  resu lts  of p rev ious th e o re tic a l investiga tions [15] 
have d e m o n s tra te d  th a t  in  th e  rea l tr a n s itio n  m e ta l com ­
p o u n d s th e re  are a  lo t o f d ifferent m icroscopic m echa­
nism s for th e  an iso tro p ic  exchange in te rac tio n s. F or in ­
s tance , to  ta k e  in to  accoun t th e  m etal-oxygen  hy b rid iza­
tio n  one shou ld  consider h igh -o rder h opp ing  processes b e­
tw een m e ta l an d  oxygen o rb ita ls . I t  s tro n g ly  com plicates 
th e  fo rm u la tion  an d  so lu tion  of th e  problem . In  th is  p a ­
p er we r e tu rn  to  th e  orig inal A n d erso n ’s idea  [14] a b o u t 
th e  superexchange in te ra c tio n  in  th e  W annier function  
basis. W e use th e  m a in  ad v an tag e  of such an  ap p ro ach  
w hich is th a t  all th e  im p o r ta n t h y b rid iza tio n  effects can  
be c a p tu re d  by  co n s tru c tin g  th e  W annier function . As we 
will show  it sim plifies d ram a tic a lly  th e  fo rm alism  w ith o u t 
an y  essen tia l loss of accuracy.
Since th e  can tin g  angles a re  n o rm ally  q u ite  sm all it 
allows us to  p roceed  w ith  th e  co rrespond ing  co llinear 
s tru c tu re s  an d  use ad v an tag e  of firs t-o rder p e r tu rb a tio n  
tre a tm e n t for th e  m ag n etic  to rque . T h e  ap p lica tio n  of 
th e  m agnetic  force th eo rem  to  equ ilib rium  configurations, 
involves ad d itio n a l assu m p tio n s such as neg lec ting  of ver­
tex  co rrec tions [24]. F irs t-o rd e r  v a ria tio n  of th e  to ta l  en­
ergy  n ea r  th e  co llinear s ta te s  leads to  an  expression  for 
th e  D M I form ally  ex ac t in  th e  m a n y -b o d y  sense.
W e s ta r t  w ith  th e  general H am ilto n ian  of in te rac tin g  
e lec trons in  a c rysta l:
H
=  ^ c | t i2 C 2  +  -  2^ cf  cJ^1234C3C4, (1)
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2w ere 1 =  (* i,m i,< 7 i)  is th e  se t o f site  (*i), o rb ita l (m i)  
an d  sp in  (<ji ) q u a n tu m  n u m b ers  an d  1 12 a re  hopp ing  in te ­
g rals  th a t  co n ta in  th e  sp in -o rb it coupling. T hese tran sfe r  
couplings can  be found  by  th e  W a n n ie r-p aram ete riza tio n  
o f th e  firs t-p rinc ip le  b a n d  s tru c tu re  w ith  th e  sp in -o rb it 
coupling  [25]. In  th is  case th e  rea l space site -cen tered  
sp ino r W annier function  can  be w ritte n  as
Wn{v) = Y J ^ T  V v ( r -T ) ,  (2)
Tm
w here T  is a la ttic e  tra n s la tio n  vec to r, >^M(r  — T )  are th e  
s ite -cen tered  sp ino r atom ic-like o rb ita ls  (in ou r case th e y  
w ere lin ear m uffin-tin  o rb ita ls  (L M T O )) an d  wn/lt  are  
expansion  coefficients o f th e  W annier functions in  te rm s 
o f th e  co rrespond ing  L M T O  o rb ita ls .
W e will ta k e  in to  accoun t on ly  th e  local H ubbard -like  
in te rac tio n s, keeping in  H u on ly  te rm s  w ith  *i =  *2 =  
*3 =  *4 . T h is  assu m p tio n  co rresponds to  th e  L D A + IJ 
H am ilto n ian  [26] th a t  is also a  s ta r t in g  p o in t for th e  
L D A + D M F T  (D ynam ical M ean-F ie ld  T heo ry ) [27, 28]. 
I t  is cruc ia lly  im p o r ta n t for th e  la te r  co n sid era tio n  th a t  
th e  in te ra c tio n  te rm  H u is supposed  to  be ro ta tio n a lly  
invarian t.
L et us s ta r t  w ith  a co llinear m agnetic  con figu ration  
(e.g. th e  Neel an tife rro m ag n etic  s ta te ) , w hich is close to  
th e  rea l g ro u n d  s ta te  (weak ferrom agnet), b u t does n o t 
coincide w ith  it due to  th e  D zyalosh insk ii-M oriya in te r­
actions. T h e  phenom enological H am ilto n ian  of th e  D M I 
is given by
Ü DM ^  y / •(/y 1( i X &j\? (3)
ij
w here ëj is a  u n it vec to r in  th e  d irec tio n  of th e  *-th site  
m agnetic  m om en t an d  is th e  D zyaloshinskii-M oriya 
vector. W e analyze th e  m ag n etic  con figu ra tion  th a t  is 
s ligh tly  d ev ia te d  from  th e  co llinear s ta te ,
ëj =  r)ië,0 +  [50i x  'r/ië0\, (4)
w here r/i =  ± 1 , eo is th e  u n it vec to r along th e  vec to r 
o f an tife rro m ag n etism , an d  50 i a re  th e  vec to rs o f sm all 
an g u la r ro ta tio n s .
S u b s titu tin g  E q . (4) in to  E q . (3) one finds for th e  
v a ria tio n  of th e  m agnetic  energy:
S E  =  's^ 2 ,D ij{ ö 0 i -  ôcpj). (5)
ij
Now we shou ld  ca lcu la te  th e  sam e v aria tio n  for th e  
m icroscopic H am ilto n ian  (1). S im ilar to  th e  p rocedu re  
used  in  Ref. 24 to  derive exchange in te rac tio n s  for th e  
L D A + D M F T  app roach , we consider th e  effect of th e  lo­
cal ro ta tio n s
R i =  eiS^ f % (6 )
on th e  to ta l  energy; here J j  =  L j +  Sj is th e  to ta l  m om ent
o p e ra to r, L j an d  S \  a re  th e  o rb ita l an d  sp in  m om ents, re­
spectively. W e w ould like to  s tress  th a t  th e  o p e ra to r  R i  
ac ts  on  *th W annier s ta te . In  th e  S u p p lem en ta ry  m a te ­
rials [29] we d em o n s tra te  th a t  th e  ro ta t io n  of th e  o rb ita l
p a r t  o f J j  in  W annier function  basis resu lts  in  in d ep en ­
d en t ro ta tio n s  of th e  a tom ic  o rb ita l m om ents.
T h e  in te ra c tio n  p a r t  of th e  H am ilto n ian  H u is ro ta ­
tio n a lly  in v a rian t an d  is n o t changed  u n d er th is  tra n sfo r­
m a tio n , opposite  to  th e  h opp ing  p a r t  H t :
öH t =  y  ' c f  ( ö R ^ t i j  +  î i jô R j)c j  
ij
=  — i  ' y  ]  c f  ( ö i f i J i t i j  —  ï i j J j ö ( p j ) c j  
ij
=  —— ^  '  ç f  (Ölfii — Ö<fj)(Jitij - \- tijJ j)C j 
ij
— — 'y ' c f  (Sifi +  ö< fj)(J itij — ï i j J j ) c j .  (7) 
ij
A ssum ing th a t  J j  =  J j  =  J  th e  change of th e  to ta l  energy  
tak es th e  form
ÔE = -  \  Y l ^ i  ~ 5Vj)Trrrha{4[J,tij] + Cj)
— — y  ](S(fi + ö(pj)Trmta- ( c f [ J , ï i j \ - C j ) , (8) 
ij
w here T r m (T is a  tra c e  over o rb ita l (to) an d  sp in  (<r) 
q u a n tu m  num bers.
T h e  first te rm  in  th e  r ig h t-h a n d  side of E q . (8 ) is 
responsib le  for relative  d ev ia tio n s of th e  m agnetic  m o­
m en ts  on  sites i an d  j  (DM I) w hereas th e  second  one is 
re la te d  w ith  th e  ro ta tio n  of th e  m agnetic  axis as a w hole 
(m agnetic  an iso tropy ). A ssum ing th a t  50 i =  5 0  is inde­
p en d e n t on site  index  one finds th e  following expression  
for th e  m agnetic  an iso tro p y  to rq u e
-jr-j; =  — i ' ^ ^ T r mta ( c f [ j , t i j \ - c j ) .  (9)
ij
In  c o n tra s t w ith  th e  prev ious resu lts  [17, 18] th e  expres­
sion (9) co n ta in s  b o th  sp in  an d  o rb ita l co n trib u tio n s . A p­
p lica tio n  of th is  expression  to  rea l system s will be con­
sidered  elsew here. H ere we will focus on  th e  DM I. 
C om paring  Eq. (8 ) w ith  E q . (5) one finds
D ij =  - ^ T r m ,a {c i[J ,ti j}  + Cj) =  -  ^ T r m ^ N j i l j J i j ^ O )
w here N ji =  ( c f  Cj) =  —^  J E^ o I m G j i ( E ) d E  is th e  oc­
cu p a tio n  m a tr ix  an d  G  is th e  G reen  function , E p  is 
th e  F erm i energy. A ssum ing th a t  th e  o ccu p a tio n  m a­
tr ix  is know n ex ac tly  th e  expression  for D M I (10) is ex­
ac t due to  th e  H ellm ann-F eynm an  theo rem . N ote th a t
3th e  o ccu p a tio n  m a tr ix  is ca lcu la ted  in  th e  co rresp o n d ­
ing co llinear s ta te s , w hich s tr ic tly  speak ing  can  be done 
se lf-consisten tly  on ly  w ith in  co n s tra in ed  ca lcu la tio n s [30].
U sing th e  decom position  of th e  to ta l  m om ent J  in to  o r­
b ita l an d  sp in  m om ents, we have a n a tu ra l  rep re se n ta tio n  
of th e  D zyalosh insk ii-M oriya vec to r (10) as a sum  of th e  
o rb ita l an d  sp in  c o n trib u tio n s  w hich are re la te d  w ith  th e  
ro ta tio n s  in  o rb ita l an d  sp in  space, respectively.
To te s t th e  developed  m e th o d  we consider w eak fer­
ro m ag n e tism  p henom ena w hich resu lt from  DM I. T he 
p rob lem  of th e  th e o re tic a l d escrip tio n  of w eak ferrom ag­
ne tism  in  an tife rro m ag n e ts  can  be solved by  ca lcu la ting  
th e  can tin g  angle. As an  exam ple of th e  system  dem on­
s tra t in g  w eak ferrom agnetism  we have chosen La^C uC ^ 
in th e  lo w -tem p era tu re  o rth o rh o m b ic  phase  p resen ted  in  
F ig .l .  F or th is  sy stem  th e  W annier functions can  be qual­
ita tiv e ly  ana lyzed  by  using  a o n e-band  H u b b ard  m odel 
w ith  th e  sp in -o rb it coupling  p ro p o sed  in  Refs. 31, 32
H  = ' ^ 2  cja (tö aß +  iX ij a aß ) cjß  +  U ^ 2  . ( 1 1 )
ijaß  i
H ere t  is a  n ea rest-n e ig h b o r hopp ing  p a ra m e te r  an d  th e  
vec to r Xij d epends on th e  til tin g  p a t te rn  of oxygen oc- 
ta h e d ra  su rro u n d in g  th e  copper a to m . S u b s titu tin g  Eq. 
(11) in to  Eq. (10) we o b ta in
D ij =  X ijT raN ji. (12)
T herefo re th e  sy m m etry  of th e  D zyaloshinskii-M oriya 
vec to r is fully described  by  th e  vec to r X ^ .  If  th e re  is 
th e  inversion cen te r betw een  copper a to m s th a n  X,,j =  0 
an d  D M I vanishes.
U sing th e  defin itions in tro d u c ed  in  Refs. 31, 32 we 
o b ta in  A12 =  A14 =  — ^ 2 ? Ai -|-A2 , 0 ) an d  A13 =  A15 =  
iy(Ai — A2 , — Ai — A2 , 0). I t  is easy  to  show  th a t  th e  to ta l 
D zyalosh insk ii-M oriya v ec to r -Dy h as on ly  nonzero
x  com ponen t. I t  m eans th a t  th e  can tin g  ex ists if  th e  
m agnetic  m om ents a re  in  y z  p lane. T h is fully agrees 
w ith  th e  resu lts  o f p rev ious w orks [31, 33, 34].
U nfo rtuna te ly , th e  perfo rm ed  m icroscopic ana lysis  is 
on ly  q u a lita tiv e . T h e  m ost s tra ig h tfo rw ard  w ay to  o b ta in  
a reliab le  num erical e s tim a tio n  of th e  can tin g  angle w ould 
be to  p erfo rm  re la tiv is tic  f irs t-p rinc ip le  ca lcu la tions for 
th e  co rrespond ing  nonco llinear m agnetic  s tru c tu re . How­
ever, th is  is a very  challenging co m p u ta tio n a l p roblem . 
Since in  th e  case of 3d -m eta l com pounds th e  sp in -o rb it 
coupling  is sm all one shou ld  ru n  m a n y  th o u sa n d s  of i t ­
e ra tio n s  to  re lax  th e  m agnetic  s tru c tu re  [35]. O n th e  
o th e r  h an d , to  solve th e  w eak ferrom agnetism  prob lem  
we on ly  need  to  know  th e  m a g n itu d e  an d  th e  d irec tio n  of 
th e  D zyalosh insk ii-M oriya vector. I t  can  be done by  us­
ing th e  developed  m e th o d  for th e  fixed co llinear m agnetic  
configuration . Such an  ap p ro ach  seem s to  be p referab le  
since it requ ires m uch  less c o m p u ta tio n a l efforts.
W e have perfo rm ed  th e  L D A + U + S O  ca lcu la tions for 
th e  co llinear an tife rro m ag n etic  s tru c tu re  w here th e  m ag­
netic  m om ents w ere fixed along z-axis. T h e  co m p u ta ­
tio n a l d e ta ils  a re  th e  sam e as in  Ref. 21. T h e  o b ta in ed  
resu lts  a re  p resen ted  in  T able I.
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FIG. 1: Magnetic structures of La2CuC>4. Black and grey 
arrows denote non-collinear and fixed collinear ground 
states, respectively. Grey and yellow circles represent 
oxygen atoms which are coming out of and going into 
the copper-oxide plane.
In  o rd er to  ca lcu la te  th e  D zyalosh insk ii-M oriya in te r­
ac tio n  (10) one needs to  define th e  o ccu p a tio n  m a tr ix  Nj.,, 
an d  th e  k ine tic  p a r t  iy  of th e  H am ilto n ian  in  a W an­
n ier function  basis. T h e  c o n s tru c tio n  of a reliab le W an­
n ier basis can  be perfo rm ed  in  d ifferent schem es [36-39]. 
As a first a t te m p t we will use th e  sim plest choice re­
la te d  w ith  o rthogonalized  m in im al basis L M T O  schem e 
[36, 38] inc lud ing  th e  sp in -o rb ita l coupling. N ote th a t ,  
since th e  tra c e  in  Eq. (10) is on ly  over o rb ita l indices 
an d  n o t on  th e  site  ones, th e  resu ltin g  D ij  is W annier- 
gauge-dependen t. T h e  W annier functions is n o rm ally  
c o n s tru c te d  using a tru n c a te d  basis, the re fo re  it will be 
im p o r ta n t to  investiga te  in  th e  fu tu re  a se n s itiv ity  o f th e  
resu lts  w ith  resp ec t to  a choice of th e  W annier s ta te s .
Since in  ou r investiga tion  we used  th e  a tom ic  sphere  
ap p ro x im atio n  (LM TO -A SA ) [36] it w as n a tu ra l to  asso­
c ia te  N ji  an d  t i j  w ith  th e  o ccu p a tio n  m a tr ix  an d  kinetic  
energy  of th e  3d s ta te s  of th e  copper a tom s. W e consider 
such an  ap p ro x im atio n  as a reasonab le  one since th e  m ag­
netic  m om ents in  L a 2C u 0 4  are  due to  th e  3d s ta te s  of 
copper [40]. A n o th er fact su p p o rte d  ou r ap p ro x im atio n  
is good  ag reem ent betw een  th e  iso trop ic  exchange in te r­
ac tio n  ca lcu la ted  by  using  th e  G re en ’s function  m e th o d
in  th e  fram ew ork of L M T O -A S A  an d  th e  m odel k inetic
41? •
exchange e s tim a ted  as J ij =  -jf~  [41].
TABLE I: Calculated m agnitude (in /li b ) and orientation of 
the spin and orbital copper moments in La2CuC>4.
A tom Spin moment O rbital moment 
Ï  0.65 X (0, 0, -1) 0.04 X (0, 0, -1)
2 0.65 X (0, 0, 1) 0.04 x  (0, 0, 1)
T h e D M I p a ra m e te rs  betw een  ne ighboring  copper 
a to m s ca lcu la ted  v ia Eq. (10) a re  p resen ted  in  Ta­
ble II. O ne can  see th a t  th e  o rb ita l co n trib u tio n  to  th e  
D zyalosh insk ii-M oriya in te rac tio n  is one o rd er o f m agn i­
tu d e  la rg e r th a n  th e  sp in  one. T h e  o b ta in ed  m agnetic
4TABLE II: Different contributions to  the Dzyaloshinskii- 
Moriya vectors (in meV).
D  j a s p i n  -F)orb 
-ttl j_______  1 j_____________ -^1 j______
(1.2) (-0.005;-0.006; 0) (-0.07; -0.03; 0)
(1.3) (-0.005; 0.006; 0) (-0.07;0.03; 0)
(1.4) (-0.005; -0.006; 0) (-0.07;-0.03; 0)
(1.5) (-0.005; 0.006; 0) (-0.07;0.03; 0)
to rq u e  is d irec ted  along x  axis. T h is  agrees w ith  th e  re­
su lts  of ou r m icroscopic analysis. S um m ariz ing  all th e  
vec to rs we can  ca lcu la te  th e  can tin g  angle of th e  m ag­
n etic  m om en t w hich is given by
50 =  3 =  0.005, (13)
J ij
w here th e  to ta l  exchange in te rac tio n  J Y  J y  w as tak en  
to  be 58.3 m eV  [21]. T h e  o b ta in ed  value of th e  can tin g  
angle is in  a reasonab le  ag reem en t w ith  th e  ex p erim en ta l 
e s tim a te  of 0.003 [40].
To conclude, we have p roposed  a new  m e th o d  for 
ca lcu la tio n  of th e  D zyalosh insk ii-M oriya in te ra c tio n  p a ­
ram e te rs  w hich, conceptually , is m uch  sim pler th a n  ap ­
p roaches know n before. T h is m e th o d  rep resen ts, in  a 
n a tu ra l way, th e  D zyalosh insk ii-M oriya vec to r as a  sum  
of th e  sp in  an d  o rb ita l co n trib u tio n s  w hich m ay  give a 
deeper in sigh t in to  m icroscopic m echanism s of th e  D M I 
for a given system . In  ou r app roach , th e  cruc ia l p o in t is 
th e  co n s tru c tio n  of a re liab le  tig h t-b in d in g  p a ra m e te r i­
za tio n  of th e  H am ilto n ian  w ith  th e  sp in -o rb it in te rac tio n  
ta k en  in to  accoun t. W e have perfo rm ed  th e  co rresp o n d ­
ing ca lcu la tions for th e  w eak ferrom agnet L a 2CuC>4, an d  
th e  resu lts  look q u ite  prom ising .
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